In the paper we consider pseudo bihermitian structures -a pair of complex structures compatible with a pseudo Riemannian metric. As in the positive definite case we establish its relations with generalized (pseudo) Kähler geometry and holomorphic Poisson structures. We provide a list of compact complex surfaces which could admit such structure and also examples of bihermitian structures on some of them. We also consider a naturally defined null plane distribution on generalized pseudo Kähler 4-manifold and show that under a mild restriction it determines an Engel structure.
Introduction
Bihermitian structures have received a serious attention recently due to their relations to supersymmetric sigma models in theoretical physics and generalized geometry. However one of the reasons they were introduced in [3] were the properties of the self-dual component of the Weyl tensor. More precisely, for any oriented Riemannian 4-manifold this component determines a local restriction on the number of the complex structures compatible with the metric and the orientation. The possibilities are 0, 1, 2, or ∞, if we consider as one the structures differing by sign. Bihermitian
The second difference comes from the fact that there is a naturally defined null-plane distribution on a pseudo-bihermitian manifold, which is totally real with respect to both complex structures. We show in Section 6 that under a mild restriction this distribution is an Engel structure, which is a good analog of a contact structure in dimension 4 [23] .
Preliminaries
Consider a 4-manifold with two complex structures J + and J − such that
for a function p. When |p| < 1 at each point the two structures are compatible with a conformal class of positive definite metrics [12] . When |p| > 1 the structures are compatible locally with a conformal class of pseudo-Riemannian metrics of signature (+, +, −, −). To see that let K = [J + , J − ]/2 √ p 2 − 1. Then K 2 = +Id and setting S = J + K = −KJ + it is easy to check that J + , K, S satisfy the relations of the split quaternions and determine an almost para-hypercomlex structure (also called complex product [1] or neutral hypercomplex structure [10] ). Then by [8] one can define a local almost para-hyperhermitian metric, which is J ± -Hermitian.
If the structures J + and J − are Hermitian with respect to a pseudometric g, then they are skew-symmetric endomorphisms, so will be K and S. Then g is called an almost para-hyperhermitian metric. When the fundamental forms of J + , K and S are closed, the structure is called parahyperkähler (also hypersymplectic [16] or neutral hyperkähler [10] ). Unlike the positive definite case, given J + and J − , such a metric may not exist globally (see Example 3 in Section 5).
The following lemma is well-known in the positive definite case. For the neutral case it is stated in [12] and proved in [21] for generalized Kähler structures. For the sake of completeness we provide a new proof, which works both in the positive and split-signature cases.
Lemma 1 If J + J − + J − J + = 2pId for p = const and |p| > 1, then J + and J − are in a para-hypercomplex family of structures, defined via J + , K, S.
Proof:
The main point is to prove that K and S are integrable. We are going to use a compatible metric. Although there may be no global pseudo-metric compatible with J + and J − , there always exists a local one. It is defined to be a local pseudo-metric g for which (g, J + , S, K) is a parahyperhermitian structure, which exists by [8] . Alternatively, for a vector field X for which X, J + X, KX, SX are independent, we declare this to be an orthonormal basis with
Then the standard formula for the Hermitian structure (g, J ± ) gives:
where ∇ is the Levi-Civita connection of g. Since the dimension of the manifold is four, dF ± = θ ± ∧ F ± , for the Lee forms θ ± . Combining the two identities above we obtain
The condition p = const leads to θ + = θ − = θ since K = 0. Then using the identity for the anti-commutator
(−J − + pJ + ) we see that the Kähler form F S of S is a linear combination with constant coefficients of F ± , so its Lee form is the same θ. Hence it is also the Lee form of (g, K) and since the Lee forms of J + , K, S coincide the structures K and S are integrable, see [20] .
q.e.d.
Generalized pseudo-Kähler structures
Let M be a smooth manifold with tangent bundle T . Recall that a (twisted) generalized complex structure I on M is an endomorphism of the bundle T ⊕ T * with square −Id, satisfying the following integrability condition:
for any two sections A and B of T ⊕ T * . The bracket is given by
with dH = 0 for a 3-form H. When H = 0 the structure is untwisted. Additionally I should satisfy < IA, IB >=< A, B > for the pairing < X + ξ, Y + η >= (ξ(Y ) + η(X)). Following M.Gualtieri [14] we introduce the following: Definition 1 A (twisted) generalized pseudo-Kähler structure is a pair of commuting (twisted) generalized complex structures
Using the same proof as in [14] , we have Theorem 2 A generalized Kähler structure on a manifold M is equivalent to a quadruple (J + , J − , g, b), where g is a pseudo-metric, J + and J − are g-hermitian complex structures, and b is a 2-form such that
Here d ± is the imaginery part of ∂ ± , the ∂-operator for
The proof is based on the fact that G determines a 2-form b and a pseudo-metric g, such that G is a b-field transform of g, although b is not necessary closed. When it is closed the structure is the regular b-field transform of a Kähler structure. In any case g is the restriction of G to L + and J + and J − are b-transformed from the restrictions of I 1 and I 2 to L + . The last condition follows from the integrability of I 1 and I 2 . In the twisted case db is replaced by a closed 3-form H Note on terminology: A pseudo-bihermitian structure is a structure (J + , J − , g) for which p = const; strictly pseudo-bihermitian structure means J + = ±J − at any point and a bihermitian structure is called positive if both J + and J − have positive orientation.
Holomorphic Poisson structures
In this section we describe an indefinite signature analog of the result in [18] that a generalized Kähler manifolds carries a holomorphic Poisson structure. Although the proof in [18] works in our case too, we provide here a slightly different proof.
Let (M 2n , g, J + , J − ) be a bihermitian manifold arising from a twisted generalized Kähler structure and F ± be the Kähler form of J ± . Then
defines as in the positive definite case a Hermitian connection such that the restriction of its (0, 1) part on the holomorphic tangent bundle is the ∂ ± operator. We call it the Chern connection as in the positive case. Moreover there are two more Hermitian connections ∇ ± with respect to J ± with skew-symmetric torsions T ± , such that
This property determines the connections uniquely. Using these notations we have:
From here we get (c.f. [4] )
and since g((∇
Then as in [18] and [3] we have:
) be a pseudo-bihermitian manifold arising from a (twisted) generalized pseudo-Kähler and non-Kähler structure. Then it admits a holomorphic Poisson structure which vanishes iff [J
Proof: From the formulas above we have:
Thus the 2-vector dual to the form Ω(X,
The proof that this holomorphic 2-vector is also Poisson is the same as in [18] .
q. e. d.
A holomorphic Poisson structure on a complex surface is merely a holomorphic section of its anti-canonical bundle. Using this fact N.Hitchin [18] proposed a simple way to construct a generalized Kähler structure on Del Pezzo surfaces. A different approach by M. Gualtieri [15] extends this construction to higher-dimensional Fano manifolds. It is based on the notion of generalized complex branes, developed in [15] . We formulate a modification of his result which could be applied for construction of generalized pseudo-Kähler structures.
Theorem 4 Let L be a line bundle with a Poisson module structure on ndimensional compact complex manifold with holomorphic Poisson structure σ, such that c 1 (L) n = 0. Let (g 0 , J 0 ) be a pseudo-Kähler structure with Kähler form F 0 ∈ c 1 (L). Then a choice of Hermitian structure on L with curvature F 0 determines a family of generalized pseudo-Kähler structures (g t , J t , J 0 ) with J t = φ * t (J 0 ) for a 1-parameter group of diffeomorphisms φ t . The proof is the same as in Theorem 7.1 of [15] . We also refer to [15] for the definitions of Poisson module structure on a holomorphic vector bundle on a holomorphic Poisson manifold. Using Theorem 4 or the construction in [19] one expects to produce examples of generalized pseudo-Kähler structures on the ruled surfaces in Theorem 5 below. We have to apply Theorem 4 to surfaces for which c 2 1 (K) < 0 in the list of [6] . For example consider a ruled surface M over a curve C of genus g > 1 obtained as a projectivization of a vector bundle V of degree deg(V ) < 2 − 3g. Its anti-canonical bundle has a holomorphic section s and a choice of a Hermitian structure on it will produce a curvature 2-form F 0 = dd c log|s| 2 . Suppose that F 0 is nondegenerate at each point. Then the constructions above and [19] produce generalized pseudo-Kähler structure with non-trivial canonical bundle. However when V = O ⊕ L, within the large class of admissible metrics in [2] , there is no one with a Ricci tensor non-degenerate at each point. In case deg(V ) > 2 − 2g, there are metrics with this property but there is no holomorphic Poisson structure. So it is natural to try to apply this construction in the higher dimensional case.
Four-dimensional case
In dimension four there are only two options for the signature of a pseudohermitian metric, positive (negative) definite or of signature (2, 2) . Using the results from Section 4 we have:
) be a compact positive pseudo-bihermitian 4-manifold arising from a (twisted) generalized pseudo-Kähler and nonKähler structure. Then (M, J + ) (and (M, J − )) is one of the following complex surfaces: a ruled surface described in [6] , such that χ±τ is divisible by 4, a complex torus, a K3 surface, a primary Kodaira surface, a blow-up of a surface of class V II 0 .
ii) Let (M, J + , J − , g) be a compact positive strictly pseudo-bihermitian 4-manifold. Then (M, J + ) (and (M, J − )) is one of the following: a complex torus, a K3 surface, a primary Kodaira surface,a properly elliptic surface of odd first Betti number, a Hopf surface, minimal Inoue surface without curves.
Proof: In part i) there is a holomorphic section of the anti-canonical bundle. Such surfaces with even first Betti number are described in [6] and they exhaust the first four cases in i). The restriction χ±τ in the first case comes from the Matsushita's topological condition for existence of splitsignature metric [22] . For the case of surfaces with odd b 1 , we notice that the proof of Proposition 2.3 in [7] shows that either the Kodaira dimension of (M, J + ) or (M, J − ) is −∞ or their canonical bundle is holomorphically trivial. Kodaira's classification of minimal compact complex surfaces [5] then leads to the list in i).
The second part follows from the fact that the canonical bundle is topologically trivial in case of strictly pseudo-bihermitian surfaces, since Ω in Theorem 3 provides a non-vanishing section. So one can use the list of surfaces with vanishing first Chern class, which is well-known [24] (see [9] for a short proof).
Remark Notice that by Lemma 2.1 in [6] if a surface is not minimal and has a holomorphic section of the anti-canonical bundle, then its minimal model also admits such a section. Moreover the space of such sections decreases by at most one dimension after a blow-up. It keeps the same dimension only if the blow-up is at a base point of the anti-canonical linear system. This leads to additional restrictions on the possible blow-ups of surfaces in case i), but will not discuss this question further here.
As in [14] , in dimension four a pair of commuting generalized complex structures gives rise to a strong positive pseudo-bihermitian structure when they are determined by spinors φ 1 = e −B+iω + and φ 2 = e B+iω − with closed 2-forms B, ω + , ω − satisfying:
We note that by [14] λ > 0 determines a regular bihermitian structure while it is easy to check that λ < 0 determines a pseudo-bihermitian structure in dimension four. We use this characterization to obtain examples of such structures on the 4-tori and Kodaira surfaces below.
Example 1 One can deform a para hyperkähler structure to obtain a generalized pseudo-Kähler structure similarly to the positive-definite case. Fix two complex structures J + and J − in the neutral hypercomplex family. Their normalized commutator K is a product structure and has a closed fundamental 2-form F K which is a common real part of two (2,0)-forms with respect to J + and J − , say
provide a generalized pseudo-Kähler structure with db = 0. However if we use a one-parameter group of Hamiltonian transformations
Then this is a generalized pseudo-Kähler structure with db = 0 in general. Notice that (J + ) t = J + is unchanged and (J − ) t = H * −t (J − )H * t . The construction is applicable to 4-tori and primary Kodaira surfaces. Recall in regard to the previous that the primary Kodaira surfaces do not admit any positive generalized Kähler structure.
Example 2. We can deform in a similar way as in [3] any parahyperhermitian structure which is locally conformally para-hyperkähler and obtain a strictly pseudo-bihermitian structure. The deformation is performed on para-hyperkähler structure of the universal cover such that H t is invariant. Then one obtains a generalized pseudo-Kähler structure which after a (global) conformal change descends to bihermitian structure on the quotient. In particular, there are pseudo-bihermitian metrics on properly elliptic surfaces of odd first Betti number and the Inoue surfaces of type S + [9] . Such surfaces do not admit any (positive) bihermitian structure. On the other side the quaternionc Hopf surfaces admit both bihermitian and pseudo-bihermitian structures since they have both hyperhermitian and para-hyperhermitian metrics [9] . These surfaces also have bihermitian metrics arising from twisted generalized Kähler structures, however it is not clear whether they admit twisted generalized pseudo-Kähler structures. The same question is open for K3 surfaces too.
Notice that the constructions for bihermitian structures and pseudo bihermitian structures produce "complementary" examples in the lists in Theorem 5. We organize the examples so far in:
Proposition 6 Generalized pseudo-Kähler structures exist on complex 2-tori and primary Kodaira surface. Pseudo bihermitian structures exist also on the quaternionic Hopf surface, properly elliptic surfaces with odd first Betti number and Inoue surfaces of type S + .
Example 3
Here we provide an example of complex structures satisfying J + J − + J − J + = 2pId for nonconstant p with |p| > 1, which are not compatible with any global split-signature metric. Consider Example 1 above in the case of a complex torus which is a product of 2 elliptic curves. It admits a holomorphic involution φ without fixed points, such that the quotient is smooth complex surface, called hyperelliptic surface of type I a . One can check that the para-hypercomplex structure of the torus descends to a para-hypercomplex structure on the factor, but it admits no compatible para-hyperhermitian metric [9] . In particular one can fix a parahyperKähler family of φ-invariant complex structures on the torus and can deform any two structures of this family via the procedure described that example. The Hamiltonian deformations H t are defined by a single function and if one chooses this function to be φ-invariant, then both (J + ) t = J + and (J − ) t are φ-invariant for all t. Since they satisfy the relation above for small t, they descend to structures which satisfy the same identity on the quotient hyperelliptic surface. Since |p| > 1 at any point for fixed t, K = 0 everywhere. If there were a compatible metric, then the corresponding form F K + iF J + K would provide a trivialization of the canonical bundle, which is an absurd because the canonical bundle of a hyperelliptic surface is not topologically trivial.
6 Null-planes of 4-dimensional pseudo-bihermitian metrics
In this section we shall show that under a mild restriction a naturally defined null-plane distribution on a positive pseudo-bihermitian 4-manifold M determines a local Engel structure. Recall that an Engel structure is by definition a 2-dimensional distribution D on a 4-manifold M such that at each point x ∈ M:
Such structures have been actively investigated recently (see the introduction in [23] for an overview). They admit canonical coordinates and are preserved by small C 2 -deformations. The global existence of an oriented Engel structure on an oriented compact manifold leads to triviality of its tangent bundle. Moreover, Vogel [23] showed that the reverse also holdsany paralellizable 4-manifold admits such a structure.
Let (M, J + , J − ) be a pseudo-bihermitian 4-manifold with J + J − +J − J + = 2pId . Fix a metric g, compatible with J ± and let F ± (X, Y ) = g(J ± X, Y ) be the fundamental forms and dF ± = θ ± ∧ F ± . Suppose that the structure is defined by a (twisted) generalized pseudo-Kähler structure. Taking the Hodge-dual 1-forms this condition becomes θ + + θ − = 0. Denote the vector fields dual to θ ± w.r.t. g by the same letters. If K = [J + , J − ]/2 √ p 2 − 1 as above, we see from (1) that K 2 = Id and K = ±Id. Moreover, g(KX, Y ) = −g(X, KY ), in particular the eigenspaces of K consists of isotropic vectors. 
Lemma 7 For the endomorphisms N
± = J + + (p ± √ p 2 − 1)J − of T M,
Moreover,
It follows that if K ± is the ±1-eigenspaces of K, then K − ⊂ Ker N + and K + ⊂ Ker N − . Hence dim Ker N ± ≥ 2. This implies the lemma since the kernels of N + and N − are disjoint and the dimension of the ambient space is 4.
q. e. d. Set N = N − and f = p − √ p 2 − 1. For the Levi-Civita connection we have [3] :
since
and we get by (2) that dp = 1 2
Set X = (
Assume that |θ + | = 0. Then X, Y, J + X, J + Y is a basis for the tangent space at each point. We have also that
Hence by (6) and (8) we have Lets note here that if p = const, the distribution D is integrable.
